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method on the icosahedral geodesic grid. High order reconstructions are conducted cell-
wisely by making use of the point values as the unknowns distributed within each trian-
gular cell element. The time evolution equations to update the unknowns are derived from
a set of constrained conditions for two types of moments, i.e. the point values on the cell
boundary edges and the cell-integrated average. The numerical conservation is rigorously
guaranteed. In the present model, all unknowns or computational variables are point val-
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High order accuracy ues and no numerical quadrature is involved, which particularly benefits the computa-
Finite volume method tional accuracy and efficiency in handling the spherical geometry, such as coordinate
Multi-moment transformation and curved surface.

Compact-stencil Numerical formulations of third and fourth order accuracy are presented in detail. The

proposed numerical model has been validated by widely used benchmark tests and com-
petitive results are obtained. The present numerical framework provides a promising
and practical base for further development of atmospheric and oceanic general circulation
models.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

One of the crucial issues in developing numerical models for global circulations of atmosphere and ocean is how to
accurately represent the discretized or numerical form of the governing equations in spherical geometry. The spectral mod-
el [5] makes use of the Fourier representation in the longitudinal direction and the Legendre representation in the latitu-
dinal direction, and had found great success in the past. However, because of the global nature, the numerical models
based on spectral transformation intrinsically suffer from poor computational efficiency when implemented on a massively
parallel hardware platform and the spurious oscillations around discontinuities or steep gradients. More attention and ef-
forts have been recently devoted to numerical methods with local representations over compact computational stencils
[59].

Instead of the traditional latitude-longitude grid, the most natural grid to represent a spherical geometry, grids with
more uniform grid spacing over the whole globe share an increasing popularity among the researchers. Two grids
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that are getting widely accepted and accommodate numerical conservation are the cubed-sphere grid and the icosahedral
geodesic grid.

The cubed-sphere grid is generated by mapping the inscribed cube on to the surface of the globe which is then projected
on six identical patches. Global models that use the cubed-sphere grid are found in [44,27,28,36,41,30,31,42,33,4].

The icosahedral geodesic grid, on the other hand, starts from 20 triangles curving over the sphere. Refining the grid is
then conducted by further dividing the triangles into sub-regions of triangle. This process can be repeated until the level of
grid resolution is reached. The icosahedral geodesic grid is one that results in the most isotropic computational mesh ele-
ments over the whole sphere, and had been used as the base for dynamical cores in history [43,56,57,26,6]. Recent efforts
from different groups have led to significant development of global models from shallow water model to atmospheric mod-
els [48,38,14,54,15,39,25,55,16,17,49,45] using icosahedral geodesic grid. It should be also notified that projecting the
equations in Cartesian coordinates onto 2D space on the surface of sphere is getting a popularity in the community
[23,2,11].

Another recent trend which is worthy of particular remarks in the development of the dynamical cores for global geo-
physical circulation models is the implementation of high order schemes with local reconstructions that have been proposed
for more general applications in computational fluid dynamics. The numerical simulations of global circulations generally
requires long-term computation, thus numerical conservation and computational efficiency are also demanded in addition
to the accuracy. As the practice toward that direction, the discontinuous Galerkin (DG) method has been recently applied to
the icosahedral geodesic grid by Giraldo et al. [15,17], and to the cubed-sphere grid by Nair et al. [30,31]. The DG method,
originally introduced in [37] and developed by Cockburn and Shu [7-10] into a framework for solving non-linear time
dependent hyperbolic conservation laws, defines the local degrees of freedom (DOF) on each element or cell as the un-
knowns, which are then updated by the Galerkin formulation with the approximate Riemann solver at the cell boundary.
Thus, the DG method provides the local mass conservation, high order accuracy and flexibility due to the locally defined
DOF. Ascribing the spectral convergence of the DG method, very high order accuracy was reported in [15,30,31]. The DG
method, however, requires numerical quadrature intrinsically due to the Galerkin formulation, and is usually computation-
ally expensive.

We have been recently working on developing a novel class of high order numerical formulations for computational fluid
dynamics by using multi-moment concept [67,68,61,62,18,63,64,19,1,21,4]. The underlying idea is to make use of different
kinds of discretized quantities, such as the point value, derivatives and cell-integrated value, which are collectively called
moments in our context. With all the employed moments locally defined over each mesh cell, high order reconstructions
can be built on very compact mesh stencil. The numerical formulations for the flux function and its spatial derivatives, which
are required to update the moments, are then approximated with high order, provided the local multi-moment reconstruc-
tions are readily available. In a multi-moment method, different moments can be updated by different formulations, for
example the point value can be updated by a point-wise Riemann solver and the cell-integrated average by a finite volume
formulation that leads to the rigorous numerical conservation. We have reported two global multi-moment finite volume
shallow water models by separately using the Yin-Yang over set grid [24] and the cubed-sphere grid [4].

An alternative to the multi-moment finite volume formulation, where the moments are directly used as the unknowns
which need to be updated in time at every step, is to define the unknowns as the values at the points collocated within each
grid cell. The resulting scheme is so-called the multi-moment constrained finite volume (MCV) method [20]. In an MCV
method, the governing equations of the moments provide constraints which are then converted to the time evolution equa-
tions for the unknowns through an interpolation function. In practice, a multi-moment constrained Lagrange interpolation is
used to link the moments and the point values defined within each single cell at equally spaced points as the unknowns. The
finite volume constraint on the cell average exactly guarantees the numerical conservation. Shown in [20], the MCV method
demonstrates spectral convergence behavior to both linear and non-linear problems. The major different between the MCV
method and the previous multi-moment finite volume method is that the cell-integrated average is no longer a computa-
tional variable in the MCV method. All the computational variables are the point values, so, one do not need to calculate
numerical quadrature. This is particularly beneficial when source term, metric term and irregular mesh are involved. The
point-wise computation of the metric terms in the MCV formulation presented in this paper allows us to easily get high accu-
racy for unstructured and curved grid generated by either analytical formula or numerical means.

In this paper, the MCV method is applied to the global shallow water model using the icosahedral geodesic grid. The basic
formulation is obtained by extending our previous work [20] to the triangular mesh. In addition, the local high order curvi-
linear element is employed to ensure the uniform convergence for high order schemes. The governing equations are de-
scribed in the 3D Cartesian coordinate system with the restriction condition to remain the flow along the surface of the
Earth [50]. It is quite suitable and easy to implement the MCV method in such a framework because all unknowns in the
MCV method are the point values to which the computations of the restriction and source terms are carried out
straightforwardly.

The rest of this paper consists of the following parts. Section 2 introduces the basic idea of presenting the global shallow
water equations in the 3D Cartesian coordinate system. The MCV model on the spherical geometry is described in Section 3,
where the third and fourth order formulations are discussed in detail. In Section 4, we verify our numerical model by numer-
ical experiments including the standard test set for the global shallow water model proposed by Williamson et al. [58] and
others. We also make a few comments on our practice of implementing multi-moment finite volume method in Yin-Yang
overset grid and cubed-sphere grid. Finally, we end the paper with some conclusion remarks in Section 5.
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2. Global shallow water model in the Cartesian coordinate system

In this paper, we follow Swarztrauber et al. [50] and re-write the shallow water equations on the surface of the sphere as a
three-dimensional system in Cartesian coordinates to avoid the pole singularity. A projection is then used to restrict the solu-
tions on the surface of the sphere.

The global shallow water model in the three-dimensional Cartesian coordinate system is written as follows,

Q: +FQ),+6(Q), +HQ), =5, (2.1)
where
h hu hv hw 0
2y lgh? h zhy —Yhw) — ghb
0 hu . hu® +1gh G- 2huv ome uw s f(i v . )& al
hv huv hv” +1gh hvw f(Ehw —2hu) — ghb,
hw huw urw hw? + 1gh’ f(hu —2hv) — ghb,
(2.2)
and
2Qz
f== (2.3)

In the above equations, h denotes the height measured from the bed elevation b, u = (u, v, w) the velocity vector in the
Cartesian coordinate system and f the Coriolis parameter. The radius, gravity acceleration and angular velocity of the Earth
are respectively specified as a = 6.37122 x 10°, g = 9.80616 and Q = 7.292 x 107°.

In the presence of the bottom topography, i.e. by # 0 or b, # 0 or b, # 0, spurious disturbance may arise if the numerical
formulation for the flux function does not well balance that for the source term of bottom topography.

In case of the “still state” (h + b = constant and u = 0), (2.1) reduces to following relationships,

1 o0 9b 1 o0’  ob 1 9k ob

22w - ¥ 28y T ey 22 T M
It is obvious that the numerical discretization must satisfy the above relationships, i.e. the numerical flux has to be well-bal-
anced with the computation of the topographic source term, to maintain the exact still state solution. It is the so-called C-
property [3,66]. However, this is not automatically guaranteed, and an unbalanced discretization usually causes unphysical
oscillations in numerical solution. We can easily circumvent this problem by recasting (2.2) in terms of the total height or the
elevation of the water surface T = h + b, which yields another equivalent form of (2.1) by using the total height in flux and
topographic source terms as,

h hu hv hw 0

hu hu? +1gT? huy huw fEhv —2Lhw) + gbT,
Q = ) F= ’ G= 2 1 2 | H= ) S= X z

hv huy hv” +1gT how f(Ehw — 2hu) + gbT,

hw huw usw hw? +1gT? f(hu—2hv) + gbT,

(2.4)
It is easy to verify that the C-property is satisfied if we use the form given by (2.4).
2.1. High order treatment for the curved surface on the sphere

In this paper, we make use of the icosahedral geodesic grid firstly proposed to solve the barotropic models by Sadourny
et al. [43] and Williamson [56]. The grid is generated from the regular icosahedron (Fig. 1(a)). Shown in Fig. 1(b)-(d), refined
grid is created by further dividing each triangle. So, the globe is finally covered by spherical triangular cells of required res-
olution, see details in Appendix A.

It is necessary to treat each triangular surface of the sphere as a curved surface to maintain the high order accuracy. In the
present scheme, spatial discretization is carried out on the spherical triangle mesh cell. Considering a sphere centered at the
origin of the Cartesian coordinates, we introduce the local coordinate system (&, #,r) for each single cell, where r indicates
the radial coordinate and ¢ and # span a local base on the surface of the sphere. Thus, the transformation of the global coor-
dinates (x,y,z) to the local coordinates (&, #,r) can be expressed by scaling a position vector onto a mesh element on the
spherical surface as [47,14],

X&) =x&mr; yE&n) =y z(&n) =z(En)r. (2.5)

For a given radius r = a we project the R® space of (x,y,z) to R* space of (¢,1) that is normalized as the triangle
(0<¢, n<1, ¢+n=1)shown in Fig. 2. The Jacobian matrix is then written as,
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Fig. 1. The gradual refinement of the icosahedral geodesic grids.
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Relationship between the global coordinate system and the local coordinate system.

Ry XN X(En

EE an

o ] - ? 525(67’1) 52/7(5’ 17) R(é’ ;/I)/a

JEm = |25 B0 YEN | — g Fu&n) YEm/al. (2.6)

) azze.m H() z:(&m) zy(&m) z(&m)/a
S n a
Shown later, a scheme of Lth order accuracy which requires a (L — 1)th order basis function with at least K =L(L + 1)/2
constrained conditions at collocation points within each cell. Given K collocation points, p; = (xi, ¥y, za) (I=1,...,K), over
cell s;, the coordinates of any point (X;, Y;,Z;) within s; can be expressed in terms of the local coordinate system (&, #) by
K K K
Xi(&m) = >l mxa, Y& m) =d cal&myn  Zi&n) =Y cul&nzi,
=1 =1 I=1

(2.7)
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where c;(¢,1) (I=1,...,K) is the basis function of the Lagrange polynomial. Similarly, given the physical quantity Q at the
collocation points (Q,-,- (I=1,...,K)), the interpolation reconstruction is given by

Pi(Q:¢n) = Zczl & mQa (2.8)

The Jacobian transformatlon matrix is then written as,
X&) X&) - Xi(&m)

S T Xa(&m) Xy(&m) Xi(en)/a
Jie,m) = | F S L\ — Y)Y Y& m)/al. (2.9)
6Zf§§n> az,;ﬁin) Zy(&m) Z(Em) Zy(&m) Zi(ém)/a
29 an a
The derivative of the physical field g in respect to the global coordinate system is then expressed by
BQ 1 <(9/711(Q:f, ) 8}12((2 f 7]))
- =Pu(Q: &) = 3 3 ’
ox Qe =g T e o
n . 1 (3”21(Q157'7) 022(Q : ¢ J’I))
“==P,(Q:¢n) =— 2 + , 2.10
oy e =g\ on (210
aQ 1 025:1(Q: &) | 075(Q: 5#1))
a. — Pzi : 67 = P P )
ge = Pal@z ) = ey (PG
where
Zn(Q:¢n) Z(Q:én) Qe ni(&MZi(E 1) = Zyi(EmYi(&m) - Zu(EMYi(S,m) = Yu(Em)Zi(S,m)
Zn(Q:&m) Pn(Q:&n) T | Zni(GmXi(S,m) = Xo(&mZiEm) - Xyi(&m)Zi(S,m) = Zyi( & mXi(E, 1)
23(Q: &) 23(Q:E4n) Xui(&,mYi(&n) = Yy &mXi(&n)  Yiu(EmXi(E,m) — Xyi(E,m)Yi(E, 1)

2.2. Velocity restriction along the surface of the sphere

In order to guarantee that the direction of the velocity or momentum vector is locally restricted in the tangential direc-
tions of the sphere surface, we make use of the projection matrix .«# introduced in [58],

; a—-x>  —xy —Xz
o = o A4 a-y* -yz |. (2.12)
—Xz —yz -7

The momentum vector m = (hu, hy, hw) needs to be corrected by .«7 - m. Because the unknowns in the MCV method are the
point values, the projection computation is point-wise and hence easy without losing accuracy.

3. Multi-moment constrained formulation on the sphere

The surface of the sphere has been partitioned into non-overlapping triangular elements or cells s; (i=1,...,N,), and
N, = 20N? is the total number of triangular elements, where N is the number by which each edge of the icosahedral triangle
element is divided as shown in Appendix A. Moreover, we denote the position vector of the point where the value of the
physical field is defined by p;, = (x;,,¥;,,2;,) with i, = 1,..., Ny, and N; is the total number of DOFs over cell s;.

Two kinds of discretized quantities, i.e. the cell-averaged value and point value, are then defined as follows:

A0 =5 [ Qxyzods
Q;,(t) = Q(Xiy. ¥i, Ziy 1),

where As; is the area of cell s;.

As in the context of the multi-moment method, we call Q the volume-integrated average (VIA) moment and Q;, the point
value (PV) moment. In the multi-moment constrained finite volume (MCV) method, we only use the point values of the prog-
nostic variables defined at p;, as the unknowns for triangular cell s;. The evolution equations for updating the unknowns are
derived from the constraints for the moments defined by (3.1).

(3.1)

3.1. Semi-discrete form

Eq. (2.1) without the source term is discretized by the finite volume formulation over triangular cell s; as,

o, 1
dt ~ As;

3
f (Fny + Gny, + Hn,)dl = Z (Finij + Gynyi + Hijngg), (3.2)

Si -1
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where F;, Gy, Hy are the averaged numerical fluxes. Let §; be the corresponding element of s; in the local coordinate (¢,7),
the projection of the area As; of the triangular cell s; onto the local coordinate is

As; = / ds = / :(&m)|ds = 2A]], (3.3)

with A being the unit area in the local coordinate. Assuming the three vertices of triangular cell s; to be p;;, p, and p;;, we
denote the cell edges by Iy = P;Ps;, lio = PP and Iz = pP;;. The outward unit normal vector, ny = (N, Ny, Ngi); with
j=1,2,3, for each edge is then evaluated by
Pi X Pp Pi; X Pis Piz X Py
ng =— , Np=— and nj = — . (34)
' [P lIPal ' P[Pl ' [Ps|IPal

The cell-averaged value in (3.2) is evaluated in the local coordinate system,

Q fs,- Qi(X,y,Z) ds fgi Ui(év n)‘Ql(év 17) ds

T Rd LUGEnid (3.3)
and the integration of the flux on the cell boundary in (3.2) can be evaluated in the local coordinate by
iy = f, UQIF@)dl,
1iGy = f, U()IG E)di (3.6)
sy = f, J©IHE)dl
where [ represents the edge in the local coordinate system &, and
(&)1 =1p:(9) 3.7)

with p being the position vector.
Meanwhile, the shallow water equations (2.1) without source term can be also written at point p;, point-wisely as,

dq,,
dt

where I?,a-p, Q,«p and ﬁzip are the numerical fluxes approximated by solving the Riemann problem in terms of the derivatives.
In the MCV method, we construct a set of time evolution equations for both VIA and PV moments, such as (3.2) and (3.8).
The evolution equations for updating the unknowns are then derived from (3.2) and (3.8) which work as the constrained
conditions.
Next, we present the third- and fourth order MCV methods as two practical formulations.

= —(Fy, + Gy, + Ha,), (3.8)

3.1.1. Third order MCV method

In the third order MCV method, we use the P2* triangular element in order to make use of the constrained conditions for
both VIA and PV moments. For each triangular element, the unknowns are the PV moments defined as Q; (I=1,...,7),
respectively, at the cell vertices, the center points of boundary edges and the cell center. As shown in Fig. 3(a), the locations
of the seven unknowns in the local coordinate system are

a; = (0,0),
ap = (1,0),
as = (0,1),
au = (1,0). (3.9)
s = (3.3)
ai = (0.3),
a7 = (3.3).

Then, a set of basis functions for a bi-quadratic Lagrange polynomial in (2.7) and (2.8) are given by

ci(é,n) = —38n - 3¢&n? +2é2+2n +7en—-3¢-3n+1,

Co(&n) = =380 —3&n? + 28 + 3¢ - ¢,

(& n) = —3g n—3&?+2n* +3n -1,

Cua(&, 1) = 1280 + 1280 — 48 — 1680 + 4¢, (3.10)
Cis(&,1) = '“211 +12¢n? - 8¢n,

Cis(E,1) = 1284 + 12&n% — 4% — 16¢n + 41,

C (&) = =278 — 27¢en? + 27¢én.
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Fig. 3. Locations of the unknowns (PV moments).
The PV moments at the cell vertices and the center points of boundary edges, i.e. Q; (I=1,...,6), are treated as the un-
knowns and updated by
do: ~ ~ N
i (Bt G+ Ha) =70 (1=1,....6), 311)

where we denote % ;; = i:\xi[ + Ey,-z + Flzil for simplicity. The derivatives of the flux functions IA-'xi,, E;y,», and ITIZ,», are computed by
solving the derivative Riemann problem as will be shown later.
On the other hand, the VIA moment is updated by the flux-form,

d_i 1 3 - = 77 =
d—%: —as 2 liFimg + Gynyg + Hynag) = = 7. (3.12)
"

The VIA moment Q; can be easily evaluated by the Lagrange polynomial (2.8) with the basis functions (3.10) in terms of
seven PV moments Q; (I=1,...,7) as,

0 S PiQixy)ds [ Ui(& mIPiQ : &) dS
o Lds LU(Ends

1 2 9
— (35Un 1@ + Dol + U3IQs) + 5 (s + Uil + ilQue) + 55 Ul ) /Al (313)

With (3.11)-(3.13), we can obtain the following time evolution equation for another unknown, the PV at the cell
center Q;,

dQ; 1 . ﬁ . 8 _ _ 20
& = (U170 + Vol + Uk ) + 5y U7 + Usl 73 + il ) — 55 M) /U (3.14)

The numerical fluxes ﬁ-, = (I?,-,, 61-,, ﬁ,-,) located at ay = (&, 1), 1=1,...,6, are evaluated directly from the PVs readily ob-
tained on the boundary edges of cell s;.

The integration of the flux functions F; = (Fy;, Gy, Hy) along each cell-boundary edge I; (j = 1,2,3) as shown in (3.6) can be
approximately computed by

IFy = Ux]‘Fi1+‘ji2gi2+4umu:i47
R A
I,Fp = Uin 2+U3\6 3+41 s 5 (3.15)

F., — UislFiz-+UUin [Fis +4Ui6|Fi
I5F;5 = Ul nGn islFis

It is observed that formula (3.15) maintains the third order accuracy of the numerical solution.
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3.1.2. Fourth order MCV method
In the fourth order MCV method, we locally define the PV moments as Fig. 3(b). The locations of the points in the local
coordinate system are given as,

a; = (0,0),
ap = (1,0),
as = (0,1),
au = (3,0),
a5 = (3,3),
(0] (3.16)
ap = (3,0),
ag = (3,3),
ap = (0.3),
10 = (3.3)-

In a similar manner, a set of the basis functions for a cubic polynomial in the local coordinate system can be given by

ci(ém=-38 3P =T T’ + 98 +9° + 18y — Y- Y+ 1,
(&) =38 -3 +¢,
(&) =3P —3n* + 11,
cu(&,m) =FE+ 278N +F P —$E -Pn+9¢,
(& H _9
e A s 3.17)
Co(&,n) = -5 —5n° +18n° +3¢n —3
cr(&n) = -5 -F&n+182 +3en—9¢
cig(&,m) =F & —5¢n,
Cio(&, 1) =50 +5 En + 270 =% n? =L én + 9,
cio(&,1) = —27&%n - 27¢n* + 27<11~
Analogously, the PV moments at cell vertices and cell edges are updated by
dQu_ z & oo
O (Pt Gt Ha) = —70 (1=1,...,9), (318)
and the VIA moment is updated by
dQ, : _
= z (Finyj + Gyinyg + Hyng) = —F ;. (3.19)

From the cubic polynomial basis function (2.8) and (3.17), the VIA moment can be expressed by,

_ 1 3 9
Qi= <%(Un Qi1 + Ui2|Qiz + Uis1Qi3) +E (ialQia + is|Qis + Uis|Qis + Uiz |Qi7 + Uig|Qis + iolQig) +E UilO‘QilO) /AUi|'

(3.20)
Finally, we arrive at the following time evolution equation for Q;;q,
dQio _ ~ PR _ _ 20, —
22— (57 Unl#n + Vol + Usl#a) + Ul 73 + Vsl s + UelZis + Uo7 + Ul 7 + Usl 7o) ~ M4 ) /Ul
(3.21)

The integration of the flux functions F; = (Fy, Gy, Hy) along cell-boundary edge I; (j = 1,2,3) as shown in (3.6) can be
computed with a fourth order accuracy by

F., — UilFi+p|Fip+3\ia|Fia+3Ui7|F;
l“F“ — MinlFintip ki = i41¥i4 i7 177

liZFz’Z — Uiz\Fiz+\]i3\Fi3+§\]i5\Fi5+3st\Fis , (3.22)

¥ i3|Fiz+1Ji11Fi1 +31/is| Fis +3/io | Fi
I5Fs = UislFis+Uir [Fin Sst\ is+31io|Fig
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3.2. Approximate Riemann solver

We apply the generalized Riemann problem suggested in [53,52] and used in [34,35] to evaluate the numerical fluxes in
term of the derivative at point p;, = (x;,,¥;,,Z;,) on the cell boundary edges.

Given the unknowns Q;, we obtain the piecewise reconstruction over each single cell by Lagrange polynomial (2.8) for the
flux functions F(Q), G(Q) and H(Q), respectively. We denote the reconstruction interpolation functions for the cells adjacent
to p;, from X side and X side by P*"(F(Q) : &, 1;,) and P (FQ): ¢&,, 1;,), respectively. In the same manner, we have the two
adjacent reconstruction interpolations in y direction as P**(G(Q) : &,, ;) and P'"(G(Q) : &,.1;,), and in z direction as
P (H(Q) : &,.m;) and P (H(Q) : &,.11,)-

As mentioned before, the unknowns Q;, defined at the cell boundary are continuous and shared by the neighboring cells.
Thus, the flux functions are computed directly from Q;, by

F, =F(@Q,).
Gi, =G(Q;), (3.23)
Hi, =H(Q,).

The derivatives of the flux functions, however, might be discontinuous at p; . Therefore, we evaluate the derivatives of
flux functions from the two different states from the adjacent reconstruction interpolation functions by approximate Rie-
mann solver, namely % em.ann(-,-). The numerical derivatives of the flux functions is then written in form as,

I?xip = -_%{/'64%0}%%(1:)(7 FX+)7

X 10X

- %mam(cy, Gf), (3.24)

G,

17 P Z—
Hzi,, = %mmaﬁ%(Hz ,H?),

where the derivatives in respect to x, y and z for all neighboring cells are computed from the cell-wise interpolation recon-
structions by

Fy, = &P (F(Q) : &, m;),

{Fg =&PT(FQ): &,.m;,),

{Gﬁip =SP(GQ): &, ;) 525,
G = 5P (GQ): &, m;,). '
H; = &P (HQ) : &,.m,),

{HZ =P (HQ): &,.m;,)

In this paper, we apply a flux vector splitting to evaluate the approximate Riemann solver. The approximate flux deriv-
ative reads, for example, in x direction as,

F = %ies PO F) = 2 (P — R, sign(A, )R, (FY — F 3.26

Xp = = uemun%( x 00X ) - i Xip + xip — Mp Slgn( 1p) ip xip — Txip ) ) ( . )

where A is the eigen value diagonal matrix of 9F/6Q, and R and R™' the corresponding matrix of right and left eigenvectors

(see [40] for detail), which all are directly evaluated by the unknowns at p;,- The same formulation applies to y and z
directions.

When including the source terms of the topographic effect, we cast the geopotential gradient force in terms of the total
height of the wave surface to keep the balance between the inviscid flux and the bottom topographic effect. The source terms
of topography in (3.4), i.e. gbT,, gbT, and gbT,, needed to be computed in a way consistent with flux splitting (3.26).

Noting that the bottom topography b is continuous at the cell boundary, but the derivatives of the total height T, T, and
T, might be discontinuous, we adopt a formula similar to (3.26) to evaluate the source term for the x component as,

= 1 _ . _ _
(8Ty);, = 58D, (T, + Ty, — Ry sign(4, )R, (T, — Ty, ))- (3.27)
The above applies to ghT, and gbT, in y and z directions, respectively.

The above treatment guarantees exactly the balance between the numerical flux and the topographic source term to sat-
isfy the C-property, thus eliminate the topography-induced spurious oscillation which may be generated in the mountain
wave test in [58] for example.

3.3. Time integration
We apply the third order TVD Runge-Kutta time integration method [46] to the semi-discretized equations of the un-

knowns, i.e. (3.11) and (3.14) for the third order scheme or (3.18) and (3.21) for the fourth order scheme. We write the
semi-discretized equations in the form as,
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dQ

where R(Q) stands for the spatial approximations for the flux functions and their derivatives discussed above.
Given the values Q" at step n, the third order TVD Runge-Kutta method yields the following multi-step updating to obtain

n+1

the values Q""" at stepn+1,

QO = Qn7

Q1 = Qo + AtR(Qy),
3 1 1

Q= ZIQO +4_1Q] +ZAtR(Q1)7 (3.29)
1 2 2

Q; = §Q0 + §Q2 +§AtR(Q2)7

Qn+1 _ Q3~

As discussed before, one needs to project the momentum vector with matrix ./ given in (2.12) to remain the motion on
the surface of the sphere. We denote the projection operation by

Piroject(Q) = A4Q (3.30)
with
a? 0 0 0
~ 11|10 a-x¥ —xy —XZ
T=alo o (3.31)
y a -y yz
0 —xz -yz @ -2z

Thus, updating procedure (3.29) is modified to
Qo =Q",
Qi = Picject(Qo + ALR(Qo)),

. 3 1 1
QZ = 9'/,0/6174/’ (‘_1 Qo + ZQI + ZAtR(Q]))w (332)

] 1 2 2
Q3 = Purogjecl <§ Qo + §Q2 + gAtR(Q2)> »
QIH»] — Q3-

It is noted that all predicted unknowns in the MCV method are point values, so the point-wise projection can be computed
accurately.

3.4. Remarks on the computational efficiency in comparison with other existing methods

In the MCV methods presented in this paper, all unknowns are defined at the cell vertices and boundary edges except the
only one PV at the cell center. So, the neighboring cells share the unknowns at the cell vertices and cell edges, which signif-
icantly reduces the total number of the unknowns compared to other existing schemes that locate the unknowns (DOFs) in-
side mesh cells.

Next, we give a quantitative comparison of the total DOFs of the third order MCV scheme with its DG counterpart. Con-
sider that each icosahedral triangle is partitioned into N? grid elements as described at the beginning of Section 3, the total
numbers of vertices (N,), cell boundary edges (N,) and elements (N,) are

N, = 10N? +2,
N, = 30N?, (3.33)
N, = 20N

The total number of PV moments (or DOFs) N, for a physical variable is given as N, = N, + N, + N, = 60N? + 2, while the
DG method with a P?> polynomial requires N, = 6 x N, = 120N* DOFs in total. It is obvious that an MCV method on triangular
mesh requires less memory comparing to a DG method of the same order accuracy.

We should also note that the flux function along the cell boundary can be directly computed from the PV moment that are
updated as computational variable, and the updating of each PV moment on the cell boundary needs point-wise derivative
Riemann solver. The total count of this is N, = N, + N, = 40N? + 2 in the third order scheme, while that for DG method is
N, =2 x N, = 60N>,

Moreover, the DG method requires high order numerical integration which is not needed in the MCV formulation. The
merit that all computational variables are point values in the MCV method also provides great convenience in accurately
calculating metric terms on a curved surface and source terms of physical processes in real applications. In our numerical
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test, we found that for the schemes of same order and same time marching algorithm (Runge-Kutta), MCV method has larger
CFL number for computational stability compared to the results of DG and SV (Spectral Volume) methods reported in [69].
From above discussions, we know that the MCV method has obvious superiority on computational efficiency.

4. Numerical examples

In this section, we will present several widely used numerical examples for global transport and shallow water models to
evaluate the proposed numerical model. The convergence rate of the numerical model is examined by grid refinement tests
for the global advection transport problem and the balanced geostrophic flow. The standard benchmark tests for both advec-
tion equation and shallow water equations proposed in [58] and other newly suggested tests are used to examine the per-
formance of the numerical model from different aspects.

The relationship between the Cartesian coordinate and the longitude-latitude coordinate is given by

X =acosAcoso,
y=asinlcos?o, (4.1)
z=asino,

where 2 is the longitude and 6 the latitude.
As in [58], the initial velocity field is given in the longitude-latitude coordinate (1 € [0,27n], 0 € [-7/2,7/2]), and then
converted to the 3D Cartesian coordinate as follows,

u=7ub,
- smﬁzl - C.OS A s.1n 0 0 (4.2)
%= 1| cosi —sinisinf 0],
0 cos 0 0
where u = (u, v,w) is the velocity vector in the global Cartesian coordinate and u®) = (u”,u®,u®) is the velocity defined in
the longitude-latitude coordinate by u® = acos 0., u” = af and u® =i = 0.

We will show numerical results in the 256 x 128 longitude-latitude coordinate grid instead of the global coordinate for
clarity. The plotted results are interpolated by bi-quadratic or cubic polynomial on a single cell. In this paper, we depict the
results in the range of 1 € [-m, 7] and 0 € [-7/2, 7r/2].

In order to quantitatively examine the numerical outputs, we use the following normalized error measures introduced in
[58],

Ly = oW —v1d2
JolW®@1de
1/2
(oo™ —y©)2da}”
L(b) = RS (4.3)
{Jow®y de}
L gy = M D) g
max(|y®)).q
and numerical conservation is evaluated by the normalized conservation error for physical variable v,
(n) _ (0)
[o ¥ dQ

where @ is the whole computational domain, and ™, y© and y© are the numerical solution, the exact solution and the
initial condition.
The integration operator is computed by

Ne Ne
= [wde=Y [uxyads=3 [hEnweEnds. (45)

i i

where the numerical quadrature is calculated by (3.13) for the third order scheme or (3.20) for the fourth order scheme.
With (4.5), the errors are numerically calculated by

1y - 9]
B ="y
(U AIR)
Ly(y) = {W} . (4.6)

N
i, Max ()‘//,(:) —

i)

Lo(y) = S max (W> :

ip=1 ip
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and

M) =—F"——7——". (4.7)

4.1. Global transport model

First, we consider the advection transport computations for the mass conservation equation of passive tracer h,

he + (hu), + (hv), + (hw), = 0. (4.8)

4.1.1. Accuracy study [4]
We examine the convergence rates of the proposed schemes with the grid refinement tests. The initially smooth profile of
h is given as [4],

h(2,6,0) = sin /cos 0. (4.9)

The velocity fields satisfying the divergence-free condition V - u = 0 given in [58] are

{ u”) = uy(cos 6 cos o + sin 6 cos Asin ), (4.10)

u® = —ygsinAsina,

where uy = 2ma/(12 days) is the maximum of the velocity, and « is the angle between the rotation axis and the north polar of
the Earth.

The computational mesh is doubly refined from N = 2 to N = 16. We have run the tests with a rotation angle o. = /4 up
to 12 days (1 period).

The measured errors are shown in Table 1. Both the third and fourth order schemes possess the converging rates as ex-
pected. We also calculated other cases with the rotation angle « being 0 and /2 and observed that the error is not sensitive
to the flow direction, and hence the schemes are robust to the grid morphology.

4.1.2. Williamson'’s test case 1: advection of cosine bell [58]
The initial cosine bell is given by

“7°<1 +cos%>, if R<R,

h(2,6,0) = (4.11)
0, if R >R,
where hy = 1000, R = a/3 and R is the great circle distance defined as,
R = aacos(sin 0, sin 0 + cos 6 cos 6 cos /. — /) (4.12)

with the center at 2. = 37/2 and 6. = 0. The rotational velocity is the same as (4.10). We run the tests with a rotational angle
o = /4. We use the mesh of N = 25 for the third order scheme and the mesh of N = 20 for the fourth order scheme. As can
be seen, the total DOFs for the fourth order MCV method on the N = 20 mesh is almost the same as that for the third order
MCV method on the N = 25 mesh.

We show the numerical results and exact solution after 12 days in Fig. 4. Both the third and fourth order MCV methods
produce adequate numerical results without dispersion error. Especially, the fourth order MCV method gives numerical re-
sults almost visually identical to the exact solution. We also plot the time history of the normalized errors in Fig. 5. It is ob-

Table 1
Numerical error and convergence rate for the advection of g, = cos /sin 0 with the rotational angle « = m/4.
N Ly Order Ly Order L. Order
3rd order MCV
2 1.63E-1 - 1.84E-1 - 1.32E-1 -
4 2.06E-2 2.93 2.10E-2 2.96 2.55E-2 2.85
8 2.56E-3 3.01 2.63E-3 3.00 3.05E-3 3.06
16 3.24E-4 2.98 3.30E-4 2.99 3.91E-4 2.96

4th order MCV

2 4.21E-2 - 4.20E-2 - 5.22E-2 -
4 2.68E-3 3.97 2.67E-3 3.98 3.50E-3 3.90
8 1.68E—4 4.00 1.66E—4 4.01 2.08E—-4 4.07

16 1.06E-5 3.99 1.04E-5 4.00 1.33E-5 3.97
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N

(a) 3rd order MCV on N=25 (b) 4th order MCV on N=20
(DOFs=37502) (DOFs=36002)

Fig. 4. Numerical solution at day 12 and exact solution for test case 1 with o = /4. The solid line shows numerical result and dashed line shows exact
solution. The contour interval is 100 from 0 to 1000.
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(a) 3rd order MCV on N=25 (DOFs=37502) (b) 4th order MCV on N=20 (DOFs=36002)

Fig. 5. Normalized errors in test case 1 with o = m/4.

served that the result of the fourth order scheme is apparently superior to that of the third order one in numerical errors. It
manifests that a higher order scheme is more attractive in accuracy compared to a lower order one with nearly the same
number of DOFs.

4.1.3. Deformational flow on the sphere [30]

This test was originally proposed on a plane geometry by Doswell [12], and was implemented to the spherical geometry
by Nair et al. [29]. The numerical configuration of this test in detail can be found in [30]. In this test, we set the radius of the
Earth a to 1 same as [4], and the vortical center is located at the north-pole of the Earth.

The initial condition is given by

h(1.0,0) = 1 — tanh (g sini), (4.13)

where p = p, cos 0 is the radius of the vortex. We specified the parameters as p, = 3 and y = 5. The velocity field is defined
as,

D) 0) =
{u (4,0) = wcos 0, (4.14)

u®(,0) =0,

with the angular velocity o given by
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Fig. 9. Normalized errors of the 3rd order MCV method on N = 30 (DOFs = 54,002) in the moving vortex test on the sphere.
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Fig. 10. Normalized errors in test case 2 with o = /4.

f =2Q(—cos /cosfsino + sin 6 cos o). (4.18)

In this test, the theoretical solution to this problem is a steady zonal flow maintaining the initial state in the balance be-
tween the geopotential gradient force and the Coriolis force.

We computed this test up to 5 days with a rotation angle being o = 7/4 by both the third order scheme on N = 10 mesh
and the fourth order scheme on N = 8 mesh.

The time evolution of the normalized errors for the height h are plotted in Fig. 10. The results of the fourth order MCV
method are much better than that of the third order one. The numerical convergence with N = 2,4, 8,16 meshes is shown
in Table 2. Both third order and fourth order MCV methods achieve the expected orders of accuracy in the non-linear global
shallow water model.

4.2.2. Williamson’s test case 5: zonal flow over an isolated mountain [58]

The initial zonal flow for the total height T = h + b is similar to those given in Section 4.2.1, but with the parameters
ho =5960 and ug =20. In this test case, an isolated mountain defined as the bottom surface b is centered at
(%c,0c) = (3/2m,m/6), and the profile is given by

b(.,0) = by (1 - ’;) , (4.19)

where by = 2000, R =7m/9, and R = min <R, \/(ific)2+(0—9c)2>. Thus, the initial depth of water is obtained by

h(2,0,0) = T(4,0,0) — b(2,0). The computation was conducted with third order method on N =25 mesh and fourth order
method on N = 20 mesh.
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Table 2
Numerical error and convergence rate in test case 2 with the rotational angle o = m/4.
N Ly Order L, Order Ly Order
3rd order MCV
2 5.51E-2 - 6.03E-2 - 9.47E-2 -
4 1.20E-2 2.20 1.29E-2 222 2.10E-2 2.17
8 1.71E-3 2.81 1.87E-3 2.79 3.41E-3 2.62
16 2.23E-4 2.94 2.46E-4 293 451E-4 2.92

4th order MCV

2 6.77E-3 = 8.39E-3 = 1.86E—-2 =

4 2.95E-4 4.52 3.72E-4 4.50 9.76E—-4 4.25

8 1.49E-5 4.31 1.91E-5 4.28 6.26E-5 3.96
16 8.95E-7 4.06 1.19E-6 4.00 4.38E—6 3.84

The total height after 15 days is shown in Fig. 11. The numerical results are quite similar to those of the spectral transform
method with much higher resolution T213 (Fig. 5.1 of [5]). Smooth solutions around the mountain are obtained without
unphysical oscillation.

We computed the conservation error M(y) of the total mass (Mass), total energy (Ene) and the potential enstrophy (Ens)
defined by

Mass = h,
1
Ene = 5 (gh® + hu-u), (4.20)

1
Ens = ﬂ(é +f)27

where the vorticity { is computed by { = p/a- (V x u) with p = (x,y,z) denoting the position vector on the global surface.
The time history of the conservation errors are shown in Fig. 12. The conservation of the total mass is fulfilled due to the
finite volume formulation. The total energy and the potential enstrophy is also adequately conserved. Our results of the third
and fourth order schemes are competitive to those by the spectral transform method with T63 resolution (see Fig. 5.4 of
[22]). Moreover, when comparing the results between the third order MCV